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We remark that the standard black hole topology admits twisted configurations 
of spinor field due to existence of the twisted spinor bundles and analyse them 
using the Schwarzschild black hole as an example. This is physically linked with the 
natural presence of Dirac monopoles on black holes and entails marked modification 
of the Hawking radiation for spinor particles. 
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' 1. A few years ago there appeared an interest in studying topoiogicaiiy inequivalent config- 
Q\ , urations (TICs) of various fields on the 4D black holes jyJ3|||| since TICs might give marked 
t-H additional contributions to the quantum effects in the 4D black hole physics, for instance, such as 
the Hawking radiation 0] and also might help to solve the problem of statistical substantiation of 
the black hole entropy Hj. So far, however, only TICs of complex scalar field have been studied 
more or less on the Schwarzschild (SW), Reissner-Nordstrom (RN) and Kerr black holes. The next 
physically important case is the one of spinor fields. In the present paper we start studying twisted 
TICs of spinor field in the form convenient to physical applications, restricting here ourselves to 
7—1 , the framework of the SW black hole geometry for the sake of simplicity. 

We write down the black hole metric under discussion (using the ordinary set of local coordinates 
^ t, r, j), if) in the form 

00 I ds 2 =g dx^® dx v ee adt 2 -a^dr 2 -~r 2 {dd 2 +sin 2 ^ 2 ) (1) 

with a = 1 — r g /r, r g = 2M, where M is a black hole mass. Besides we have \g\ = | det(<? M „)| = 
■ (r 2 sin i?) 2 and r g < r < oo, < $ < n, < ip < 2tt. 

Throughout the paper we employ the system of units with % = c = G = 1, unless explicitly 
stated otherwise. Finally, we shall denote L2(F) the set of the modulo square integrable complex 
\ functions on any manifold F furnished with an integration measure. 

2. The existence of spinor field TICs on black holes follows from the fact that over the stan- 
dard black hole topology M 2 x § 2 there exists only one Spin-structure [conforming to the group 
5h . Spin(l,3)= SL(2,C)]. Referring for the exact definition of Spin-structure to Refs. we here 

only note that the number of inequivalent Spin-structures for manifold M is equal to the one 
of elements in H 1 (M, Z2), the first cohomology group of M with coefficients in Z 2 . In our case 
iJ 1 (]R 2 x S 2 , Z 2 ) = i? 1 (S 2 ,Z 2 ) which is equal to and thus there exists the only (trivial) Spin- 
structure. 

On the other hand, the nonisomorphic complex line bundles over M are classified by the elements 
in H 2 (M, Z), the second cohomology group of M with coefficients in Z pi], and in our case this group 
is equal to -ff 2 (S 2 ,Z) = Z and, consequently, the number of complex line bundles is countable. As 
a result, each complex line bundle can be characterized by an integer n € Z which in what follows 
will be called its Chern number. 

Under this situation, if denoting S(M) the only standard spinor bundle over M = M 2 x § 2 and £ 
the complex line bundle with Chern number n, we can construct tensorial product S(M) (8 £• As is 
known pj, over any noncompact spacetime the bundle S(M) is trivial and, accordingly, the Chern 
number of 4-dimensional vector bundle S(M) ® £ is equal to n as well. Under the circumstances we 
obtain the twisted Dirac operator T> : S(M)<gil; — > S(M)(g)£, so the wave equation for corresponding 
spinors ip (with a mass fio) as sections of the bundle S(M) ® £ may look as follows 

TH = (2) 

and we can call (standard) spinors corresponding to n = (trivial complex line bundle £) untwisted 
while the rest of the spinors with ti^O should be referred to as twisted. 

From general considerations (|^,|| the explicit form of the operator V in local coordinates x M 
on a 2/c-dimensional (pseudo)riemannian manifold can be written as follows 

V = iV„ ee vfE^ - \u m bl a l h - ieAJ, a<b, (3) 
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where A = A^dx^ is a connection in the bundle £ and the forms u> a b — ^i_iabdx^ obey the Cartan 
structure equations de a = ui a b A e b with exterior derivative d, while the orthonormal basis e a — 
e^dx^ in cotangent bundle and dual basis E a = E^d^ in tangent bundle are connected by the 
relations e a {Eb) = 8%. At last, matrices 7" represent the Clifford algebra of the corresponding 
quadratic form in . Below we shall deal only with 2D euclidean case (quadratic form Q2 = 
Xq -\~ X-y ) or with 4D lorentzian case (quadratic form Q13 — Xq X-^ X^ X §). For the latter case 
we take the following choice for 7° 

V-(J _° 1 ).7 t = (_°, l («) 

where <j(, denote the ordinary Pauli matrices. It should be noted that, in lorentzian case, Greek 
indices /it, v, ... are raised and lowered with g^ of (1) or its inverse g^ u and Latin indices a,b, ... 
are raised and lowered by i] a b — n ab — diag(l, -1,-1,-1), so that e^e^g^" — r] ab , EgEjjg^ — n a b and 
so on. 

Using the fact that all the mentioned bundles S(M) ® £ can be trivialized over the chart of local 
coordinates (t, r, 1), ip) covering almost the whole manifold M 2 x § 2 , we can concretize the wave 
equation (2) on the given chart for TIC ip with the Chern number n € Z in the case of metric 
(1). Namely, we can put e° = \fadt, e 1 = drjsfa, e 2 = rd§, e 3 = r sin fldcp and, accordingly, 
Eq = dt/y/a, Ei = y/ad r , E 2 = d$/r, E3 = d v j(r sin 17). This entails 

<j)qx = — — —db,u>i2 = —^fad-d^ujis = — \fa sin $ dip, to 23 = — cosfidip. (5) 
2 dr 

As for the connection A^ in bundle £ then the suitable one was found in Refs. 0] and is A = 
A^dx^ = — jcosfidip . Then the curvature of the bundle £ is F — dA — ^ smfldd A dip. We can 
further introduce the Hodge star operator on 2-forms F of any /c-dimensional (pseudo)riemannian 
manifold B provided with a (pseudo)riemannian metric g M „ by the relation (see, e. g., Ref. Q) 

F A*F = {g» a g vfi - g^ g va )F^F a&y f\g~\dx x A dx 2 ■ ■ • A dx k (6) 

in local coordinates x^ . In the case of the metric (1) this yields *F = -%dt A dr , and integrating 
over the surface t = const, r = const with topology S 2 gives rise to the Dirac charge quantization 
condition 

n 

F = 4tt- = 4tt<7 (7) 

S 2 e 

with magnetic charge q, so we can identify the coupling constant e with electric charge. Besides, 
the Maxwell equations dF — 0, d * F = are clearly fulfilled with the exterior differential d = 
dtdt + d r dr + d^dd + d^dip in coordinates t, r, d, ip. We come to the same conlusion that in the case 
of TICs of complex scalar field |l|,^,^|4|: the Dirac magnetic f/(l)-monopoles naturally live on the 
black holes as connections in complex line bundles and hence physically the appearance of TICs 
for spinor field should be obliged to the natural presence of Dirac monopoles on black hole and 
due to the interaction with them the spinor field splits into TICs. Also it should be emphasized 
that the total (internal) magnetic charge Q m of black hole which should be considered as the one 
summed up over all the monopoles remains equal to zero because 



e 
ne 



Returning to the Eq. (2) , we can see that with taking into account all the above it has the form 
y/a 2 r 2 

i-f 3 — ^{d v - \^^\3l x l i - ^ ¥ , 23 7 2 7 3 + in cos i?)]V> = Mo^ ■ (9) 
r sin $ ^2 2 
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After a simple matrix algebra computation with using (4) and (5) we find that Eq.(9) can be 
rewritten as 

a MW_J;V (10) 



B -A) \i>2j P V # 



""2 



with the operators 



where, in turn, 



A= -^=d t ,B = icj 1 B 1 + -B 2 , (11) 



B i = ^—7— + V»<9 r + —,B 2 = io 2 di) + 20-3^— -zidu, - \cr 2 (Jz cost} + in cos 1?) . (12) 
2 dr r smiS> 2 

Now we can use the ansatz ipi = e tu ' t r~ 1 F 1 (r)&('d,ip), V2 = e lu)t r~ 1 F 2 {r)ai<&{d, ip) with a 2D 

spinor $ = ^ ^ ^ m or dcr with the help (10)-(12) to get 

(Si + ^AO^i = i(,uo - c)aiip 2 , 

(Si + Jr>„)v>2 = -*(/* + c)<tiVi (13) 

with c = and D„ = —io\B 2 . It is natural to take $ as an eigenspinor of the operator D n and 
noting that o\D n = — D n o\ we can from (13) obtain the system 

VadrF, + + ^ Ft = ifa - c)F 2 , 

Va~d r F 2 + - ^ F 2 = -»(/«, + c)Fi (14) 

with an eigenvalue A of the operator D n . We should, therefore, explore the equation = A<3>. 

3. As is not complicated to see, the operator D n has the form (3) with 7 = — icr\cr 2 , 7 1 = 
—i<j\<Jz, e° = dd, e 1 = sini?<i<p, W01 = cosfldip, A^dx^ — — — cosiJdip, i. e., it corresponds to 
the abovementioncd quadratic form Q 2 and this is just twisted (euclidean) Dirac operator on 
the unit sphere and the conforming complex line bundle is the restriction of bundle £ on the 

unit sphere. Again simple matrix algebra computation results in D n = ( "^i™ ^!?™ ] with 

\ —U 2n —L>i n ) 

Din = i{dv + |cot$), D 2n = —^-$(9^ + in cot 1?). Then it is easy to see that the equation 
= A$ can be transformed into the one 

D~\ x _ t. M> 

£>+ 



where D± = Di„ ± D 2 „ = + (| T n)cott?] T snb^, $± = $1 ± $ 2 . From here it follows 
that D~D+$ + = A 2 $+, D+D-$_ = A 2 $_ or, with employing the ansatz $± = P ± {tf)e~ im ' v , in 
explicit form 



to' 2 + ( n =F 1/2) 2 - 2m'(n=F 1/2) cos ^ 



(L + cot tfdtf 5 

sin 2 



P±(0) 



3 



It is known || that differential operators of the left-hand side in (16) have eigenfunctions in the 
interval < $ < tt, which are finite at i? = 0, ir, only for eigenvalues — k(k + 1), where k is 
positive integer or half- integer simultaneously with m' , n' = n ± 1/2 while the multiplicity of such 
an eigenvalue is equal to 2k + 1. In our case we have that n' — n ±1/2 is half-integer because 
the Chern number n G Z. As a result, we should put m! = m — 1/2 with an integer m and 
then \m'\ < k = I + 1/2 with a positive integer I and, accordingly, 1/4 — n 2 — X 2 = —k(k + 1) 
which entails (denoting A = y(T+ l) 2 — n 2 ) that spectrum of D n consists of the numbers ±A 
with multiplicity 2k + 1 = 2(1 + 1) of each one. Besides, it is clear that under the circumstances 
—I < m < 1 + 1,1 > \n\. This just reflects the fact that from general considerations ||^],|| the 
spectrum of twisted euclidean Dirac operator on even-diemensional manifold is symmetric with 
respect the origin. The corresponding eigenfunctions P±08) — P^ l , n ,(cos'd) of the above operators 
can be chosen in miscellaneous forms (see, e. g., Ref. j|) with the orthogonality relation at nf 
fixed 

7T 

' P^„,(cosz9)P„ fc ;,„,(cosz9) sintfdtf = ^—S kk ,S mlm „ , (17) 
o 

where (*) signifies complex conjugation. As a consequence, we come to the conclusion that spinor 
$o OI (15) can be chosen in the form $o = ( q pk n ~ 1 ^ 2 ) e~ m ' v with some constants Ci,2- Now 



we can employ the relations 



m'n+l/2 



-d#P*, n , ± n'cottf - — - P*, n , = -i^k(k + l)-n>(n>±l)P*, n , ±1 (18) 
1 sin». 

holding true for functions P^ n , to establish that C\ — C2 — C corresponds to eigenvalue A while 
C\ = — C2 = C conforms to —A. Thus, the eigenspinors $ = ( _ ) of the operator D n can be 



*±A = ^ (It"- 1 ' 2 t uk n+1/2 ) e " mV > (19) 



written as follows 

$±A = -TT I pl , 

z \ m J n— 1/2 ' m'n+l/2 

where the coefficient C may be defined from the normalization condition 

7T 27T 

J y"(l*i| 2 + |$ 2 | 2 )sini?d^ = 1 (20) 


with using the relation (17) that yields C = \f^- These spinors form an orthonormal basis in 

L 2 (S 2 ). Finally, it should be noted that the given spinors can be expressed through the monopole 
spherical harmonics l^ ra (i9, <p) = i , i n (cost?)e~ lm<p which naturally arise when considering twisted 
TICs of complex scalar field @,|,|,| but we shall not need it here. 

4. As follows from the above, when quantizing twisted TICs of spinors we can take the set of 
spinors 



1 oluJt , ( fi(r,±A)* ±A 



^=v^ e r uk±awi:j < 2i > 

as a basis in i|(M 2 x § 2 ) and realize the procedure of quantizing, as usual, by expanding in the 
modes (21) 



00 1+1 °° 

* = E J ^Kn/m^A + b+ nlm lp- 



l+l 

E 

00 2 + 1 

E E 

±A l = \n\ rn=-l^ Q 



A J 



00 2 + 1 °j> 

^EE E J M< nl JPx + K nl JP-x), (22) 
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where tp — j°ip) is the adjont spinor and (f) stands for hermitian conjugation. As a result, the 
operators a^ nlm , b^ nlm of (22) should be interpreted as the creation and annihilation ones for 
spinor particle in the gravitational field of the black hole and in the field of monopole with Chern 
number n. As to the functions F\ %(r, ±A) of (21) then in accordance with Eqs. (14) we can get 
the second order equations for them in the form 



ad r ad r F\2 + a 



y/ad r 



1 d^fa A 

2 dr r 



1 (dy/a\ 
4 V dr J 



A2 



(23) 



By replacing r* = r + r g ln(r/r s — 1) and by going to the dimcnsionless quantities x — r* /M, y 
r/M, k = ujM the equations (23) can be rewritten in the Schrodinger-like equation form 



d 2 

+ [k 2 - {noM) 2 ]E 1>2 = V h2 (x, \)E ia 



(24) 



with E xft = E h2 (x,k,X) = F ± {Mx),F ± (r* 



Vl,2(x,X) 



ly*{x) 



A 



F\, 2 D"( r *)] while the potentials Vi,a are given by 
2~~ A 2 



y 4 (x) y 2 (x) 



y{x) y 2 (x) 



1 



y{x) 



(mm) 2 , (25) 



where y(x) is a function reverse to x(y) = y+2 ln(0.5?/ — 1), so y(x) is the one-to-one correspondence 
between (—00,00) and (2, 00). 

Let us for the sake of simplicity restrict ourselves to the massless spinors (//q = 0). Then, as 
can be seen, when x — > +00, Vi, 2 — > and at x — > —00, Vi,2 — > 1/64. This allows us to pose the 
scattering problem on the whole x-axis for Eq. (24) at k > 



£l + 2 



+ s 



'11 



(t» 2 ) —ikx 
12 e 



+ 



IE 
IE 



— OO, 
+O0, 



nt^' (26) 
e lfcr -(- s 2 { > e lkx , x — > +00 

with ^-matrices {s;. 1 = s^-' (fc, A)}. Then by virtue of (14) one can obtain the equality 

4 1 1 ) (fc,A) = -4 2 1 ) (fc,A). (27) 

Having obtained these relations, one can speak about the Hawking radiation process for any TIC 
of spinor field on black holes. Actually, one can notice that Eq. (2) corresponds to the lagrangian 

C = ^\9\ 1/2 [?7 M V^ - (V^VV - Mo?V>] , (28) 

and one can use the energy-momentum tensor for TIC with the Chern number n conforming to 
the lagrangian (28) 

T ^ = I + ^TvV^ - (V^) 7 ^ ~ (V V ^) 7 „V] , (29) 

to get, according to the standard prescription (see, e. g., Ref. |io|] ) with employing (20) and (27), 
the luminosity L(n) with respect to the Hawking radiation for TIC with the Chern number n (in 
usual units) 

L(n) = hm / <0\T tr \0>da = A^Yl 2 « + ^ J ''gif+f ^ ( 30 ) 

52 i-* 1 /=|n| 

with the vacuum expectation value < |T tr 1 > and the surface element da = r 2 sin A d<p while 
A= ^ (§) 1/2 ~ 0.125 7 28 -10 55 erg • s" 1 • M" 1 (M in g). 
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We can interpret L(n) as an additional contribution to the Hawking radiation due to the addi- 
tional spinor particles leaving black hole because of the interaction with monopoles. Under this 
situation, for the total luminosity L of black hole with respect to the Hawking radiation concerning 
the spinor field to be obtained, one should sum up over all n, i. c. 



since L{—ri) = L(n). 

As a result, we can expect marked increase of Hawking radiation from black holes for spinor 
particles. But for to get an exact value of this increase one should apply numerical methods, so 
long as the scattering problem for general equation (24) does not admit any exact solution and is 
complicated enough for consideration — the potentials Vi^x, A) of (25) are given in an implicit 
form. One can remark that, for instance, the similar increase for complex scalar field can amount 
to 17 % of total (summed up over all the TICs) luminosity ||. 

5. It is clear that the most general case is the Kerr- Newman black hole one but the equations 
here will be more complicated so that we shall consider them elsewhere. 
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